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Abstract—If only a segment of a function f (¢) is given, then its Fourier
spectrum F(w) is estimated either as the transform of the product of /' (¢)
with a time-limited window w(z), or by certain techniques based on
various a priori assumptions. In the following, a new algorithm is prop-
osed for computing the transform of a band-limited function. The algo-
rithm is a simple iteration involving only the fast Fourier transform
(FFT). The effect of noise and the error due to aliasing are determined
and it is shown that they can be controlled by early termination of the
iteration.

The proposed method can also be used to extrapolate band-limited
functions.

1. INTRODUCTION

CENTRAL PROBLEM in Fourier analysis and

A spectral estimation is the determination of the
transform

F(w) = Jw f()e i dt 6))
of a signal f(¢) in terms of a finite segment
o0 =fOp), p0 =g ST @

of f(t). The known estimation methods can bé separated
into the following two classes.

1) (See Blackman-Tukey [1].) The available segment
g(t) is multiplied by a “window” w(¢) and the integral

F (o)

T
f w(t)f(t)e I di

-T

" Fe-ywmay o
2nd_
is used as the estimator of F(w). The pair w(t) & W(w)
is so chosen as to minimize in some sense the resulting
error F,(w) — F(w) [2], [3]. In this approach, the inverse
transform f(¢#)w(z) of the estimator F, (o) is zero for |t| > T.
2) The unknown part of f(¢) is not assumed to be zero
as in 1) but it is determined by some form of extrapolation.
This is possible only if various a priori assumptions about
for form of F(w) are made.
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Class 2) includes the method of maximum entropy [4]
(see Appendix A) and the techniques for extrapolating
band-limited functions.

Band-Limited Functions

We shall say that a function f(¢) is band-limited, if its
energy F is finite and its transform F(w) is zero outside a
finite interval

F(w) = 0, for |w] > .

4

A band-limited function is analytic in the entire t-axis [5],
hence its Taylor-series expansion yields f(¢) for every t.
We have thus an extrapolation method (analytic continua-
tion) based on (4), however, as it is well known, we cannot
use it for recovering f(¢) from real data.

In this paper, we develop a new method for computing
f(@) and its transform F(w) from the given segment g(¢).
The method is based on a simple efficient algorithm involv-
ing only discrete Fourier series and a fast Fourier transform
(FFT). The algorithm is presented in analog form. The
numerical implementation is carried out digitally but, since
the analog to digital conversion is well known, the details
are omitted.

We note that the proposed algorithm (Section II) has
been used by Gerchberg in a recent paper on picture
processing [6].

Another method of extrapolating band-limited functions
is based on the expansion of g(¢) into a series of prolate
spheroidal functions [7]. This method is compared with ours
in Section V.

II. AN ITERATION METHOD FOR COMPUTING THE FOURIER
TRANSFORM OF A BAND-LIMITED FUNCTION

We wish to determine the Fourier transform F(w) of a
band-limited function f(¢) (Fig. 1) in terms of the finite
segment g(¢) of f(¢) [see (2)]. The proposed method is an
iteration starting with the transform

G(w) = Gy(w) = f g(He " dt

-T

of the given segment g(r) = go(t). The nth iteration step
proceeds as follows.
We form the function

&)



4

736

=TT
9(t)
G (w)
m K
o t [} ' w
fi(t) i Fylw)
-——-

/"ﬁ;(‘d)\

Fig. 1. Unknown pair f (t) > F(w) and signals of first 1teration.
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Fig. 2. Signals of nth iteration.

obtained by truncating G,-1(w) as in Fig. 2, and compute
its inverse transform

50 = [ F@e do. ©)

We, next, form the function
_ _ _ (e, Ml <T
gn(’) f;l(t) + [f(t) f;;(t)]pT(t) f;,(t), ltl > T
(7

obtained by replacing the segment of £,(z) in the interval
(—T,T) by the known segment g(¢) of f(t). The nth step
ends by computing the transform

Gw) = f ® gu()e e ®

of the function g,(¢) so formed.
We note that the function f,(¢) is band-limited and it is
given by

sin 0't

fi) = guoy(1) % ©®

This follows from (5) and the convolution theorem [8].
From (9) we conclude that £,(¢) can be obtained as the output
of an ideal low-pass filter with input g,_,(z). A two-input
gate at the output of the filter, switching from f,(¢) to
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Fig. 4. Computer output of g,(¢) and G,.(w) for f(¢) = sin ot/nt and
n=246and 8

the given segment g(¢) of f(¢) as in (7), yields g,(¢) (Fig. 3).

It will be shown in the next section that the functions
f.#) and F,(w) tend to f(¢t) and F(w), respectively, as
n — oo. The iteration is thus a method for computing F(w)
and for extrapolating a band-limited function f(z).

Numerical Hlustration

We have applied the method to the pair

sin ot

f@) = o F(w) = p,(w)

choosing for T the value 7/5¢. The numerical results are
shown in Fig. 4 for n = 2,4,6,8. As we see from the figure,
although the data interval is only 1/5 of the main lobe of
f(t), the convergence of F,(w) to the unknown spectrum
p.,(w) is remarkably rapid. With this 7, the method of
windows would yield no satisfactory estimate of F(w). We
should point out, however, that the speed of convergence
observed for this example is due to the fact that in the
expansion (11) of the function sin of/n¢, only the first few
terms are significant. As we show in Section IV, if this is
not the case, the convergence is slow.
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Mean-Square Error Reduction
From (5), (7), and Parseval formula [8] it follows that

1(° _ 2
- f_w'F(“’) G, (@) do

> 2i [ IF(©) — Fi()]* do

TEY —g

oo

= f "D = £OP di > f ) — g O di

-0 -

e
-+ f_wIF(w) G ) do. (10)

Thus the use of the available information about f(¢)
(band-limited for |w] > ¢ and known for |¢| < T) results
in a reduction of the mean-square error twice at each
iteration step.

ITI. CONVERGENCE

To prove the convergence of the iteration, we expand the
band-limited function f(¢) into a series

£ = 3 adult) a1

where ¢, (t) are the prolate spheroidal wave functions
[see (68)].
Theorem 1

- The function f,(¢) of the nth iteration is given by

A =0 = § al - W60 12

where A, are the eigenvalues of (63) corresponding to the
eigenfunctions ¢,(1).
Proof: Suppose, first, that

f@) = 1)
We shall show by induction that
f;,(t) = And)k(t)’ (13)

Indeed, (13) is true for n = 1. Suppose that it is true for
some n > 1. It, then, follows from (7), (9), and (63) that

where 4, =1 — (1 — )"

9(0) = Ab0) + (1 — ABDOP(D).  (19)
Inserting into (9) and using (63) and (67), we obtain
Jaet(t) = 4,0,(2) + (1 — A)Ad(t) 15)
hence, ’
Soie1(t) = Apy19:()
where
An+1 = An + (1 - An)}'ks nz 1. (16)

Solving the recursion equation (16) with the initial condition
A, = A, we obtain (13).
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Applying (13) to each term in (11), we conclude that

St = kZO afl — 1 = )"t amn
and (12) results.
Theorem 2
For any ¢,
L@ = f(t) as n— oo. (18)
Proof: As we see from (12), the error
e(t) = f(t) — £.(2) 19
is given by
e,(t) = kZO a1 = 2)"d(1) (20)
and its mean-square value E, by
= [ ed= 3 aa-wn @
— e k=0
[see (70)]. We maintain that
E, -0 with n - oo. 22)
Indeed, the energy
E = Z akz (23)
k=0

of £(¢) is finite by assumption; hence, given ¢ > 0, we can
find an integer N such that

Y a<e
k>N
The eigenvalues 1, are less than 1 and tend to zero
monotonically as k — oo. Therefore, 1 — 4, < 1 and
1 -2 <1 -1, for k < N.

From the above we conclude that
N

Y + ¥ el - A

k=0 k>N

E, =

N
< (1 =A™ kZO al + kz a? < (1 — AYYE + ¢

>N
and (22) results because ¢ is arbitrary and
(1 =A™ -0 with n— o0.

To complete the proof of the theorem, we observe that

lew(®)] < \/E"".
T

This follows from the fact that the transform of e,(¢) is zero
for |w| > o [9]. Thus e,(t) - 0 with n —» co and (18)
results.

We note for later use that [see (7), (12), and (66)]

24

kel - T T
Gw) = B Y, an/k dbe), B = :"’;— b=
k=0

P
(25)
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Fy(0) = Bp,(») Z \/ £ 1 = (1 = AWlubo) (26)

G@) = Fi@) + B 3 aw/h(l - WPptbo). @D

Reasoning similarly, we conclude that the function F,(w)
and G,(w) tend to F(w) with n - co.

IV. ERROR ANALYSIS

The proposed method is subject to the following errors:
truncation of the iteration; aliasing due to high frequencies
in F(w); noise; computer roundoff; analog to digital
conversion. These errors depend on the nature of f(z) and
on the product ¢T. In the following, we examine their effect
on the estimate F,(w) of F(w). The analog to digital con-
version error involving the evaluation of the Fourier in-
tegrals by discrete Fourier series is well known and will not
be discussed.

Truncation Error

If the iteration is terminated at the nth step and the func-
tion F,(w) is used as the estimate of F(w), the resulting
mean-square error is given by [see (21)]

E, = - f " IF@) - F@)Pdo = ¥ a1 - 3)"
2nd_, k=0
(28)

where J, are the eigenvalues of (63). As we see from Fig. 5,

the A,’s increase as the product ¢7 increases and they tend
to 1 with 67 — oo [10]. Thus if ¢7T is large, the required
number of iterations is small. ,

The error E, depends also on the coefficients a,. If n is
small, then the contribution of the high-order terms in
(28) is small. However, as n increases, their effect becomes
relatively more significant because the difference 1 — 1,
tends to 1 with £k — oo.

From (27) it follows after some thought that the energy
I, of G,(w) outside the band (—a,0) is given by
L=l

T lo|>a

Hence [see (21)],

IG(@)* do = ¥ a2kl — )™ (29)
k=0

<3 ¥ @ - W = Eja (30)

-hl)—‘

because A,(1 — 1) < %. If, at the nth-iteration step, the
energy I, computed from (29), is large, then, the energy E,
of the error is also large. However, if I, is small, E, is not
necessarily small. The inequality

(3D

Eyy < —

Z a’
1 - E>n
obtained readily from (21) and (29), gives an upper bound
for E, , ; but this is useful only if some information about the
speed’ of convergence of the series (11) is available.
Suppose, finally, that F(w) = O for || > w, but the
precise value of w, is not given. In this case, the following
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Fig. 6. Low- and high-frequency components of F(w).

H{w)

must be considered in the selection of the cutoff frequency o.
If o is large, then 1 — J, is small; however, this does not
lead to a reduction of the error E, because an increase of
beyond w, results in an increase of the coefficients a,. If
¢ is smaller than w,, then as we show next, aliasing errors
result. The optimum o is a number close to w, from above.

Aliasing Error

The convergence of £,(¢) to the function f(¢) is based on
the assumption that F(w) = 0 for |w| > o. If f(¢) is not
band-limited, then this is no longer true. However, as we
shall show, the iteration properly terminated yields a useful
estimate of F(w) as long as the energy E, of the high-
frequency component A(z) of f(¢) is sufficiently small.

We introduce the functions (Fig. 6)

F(w), lw| < o
Lw) = { 0, lo| > o
0, lo| < o
H(w) = {F(w), lo| > o (32)

and their inverse transforms /(z) and A(z). Clearly,
F() = L) + H(w)
f@) = I(t) + k().

The iteration scheme is obviously linear in f(¢); therefore,
£(2) can be written as a sum

S0) = L) + h(t) (33)

where I(¢) and h,(t) are the contributions due to /(¢)
and A(¢), respectively. As we see from (32), the function
I(t) is band-llmlted hence, the component 7,(¢) of fi(1)
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tends to /(¢) with n — co. It suffices, therefore, to examine
the behavior of A4,(t).

We expand the function A(?) into a series in the interval
(_ T9 T)

h(t) = kz.o aput), It =T (34)
[see (69)]. Clearly,
0 T
Z Ckzlk - f hz(t) dt < Eh
k=0 _r
-1 IF()? do. (35)
2n |o| >0
From (17) it follows that
h(t) = Y ol — wot),  mo=1— 4. (36)

The function 4,(¢) is band-limited by construction and its
_energy equals

Enh

Z Ckz(]- - #k")z

= x
s g

M+ e+ o+ (3D

The numbers A, and p, are positive and less than 1;
hence,

-1

Lt e+ o+ <n

and

nh<

ﬁ = (38)

The above bound is too pessimistic; the actual value of
E,, might be considerably smaller.
Noise and Roundoff Error
Suppose that for |¢| < T, the known signal is a sum
g(®) + ()
where y(¢) is a random process with autocorrelation
E{y(t)y(t2)} = R(ty,t2).

At the nth iteration, f,(¢) is replaced by f,(¢) + x,(¢) where
the random component x,(¢) is due to y(¢). We shall
assume that the noise y(¢) is white as in (78)

(39

R(t1,t;) = Spr()5(t, — 1) (40)
We expand the transform
T
Y(w) = J y()e I dt 1)
-T

of y(¢) into a Karhunen-Loeve series in the interval (—o,0)
[see (74), (80), and (25)]

X,(@) = Y@Pp) = Bp@) 3 dalh ube). @)
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It is not difficult to see from (75) that
w1 _ | S/ k=r
Ear = % E T @3)
E{|X(0)*} = 2Sab Y ¢ X(bw) = 2ST.  (44)
k=0

The nth-iteration function X,(w) is given by the right
side of (26) where the coefficients a, are replaced by d,.
Hence, its mean-square value R, is given by

R, = E{|X ()"}

= 2Snbh Z [——-(1 — 4 ] ¢ (bw)
= Ak
=asmb ¥ (L+ o+ + Y 900). (49)
This error is similar to the aliasing error E; in (37) and it
is bounded by
< 28Tn? b 46)

as in (38).

The preceding analysis can, be used to detérmine the
effect of the roundoff error on the estimate F (w) of F(w).
In the evaluation of the Fourier transform G(w) of g(¢)
by a sum, roundoff errors are introduced. If these errors
are independent with standard deviation ¢ (smallest available
digit), then, their effect on F,(w) is approximately equivalent
to the presence of a noise term y(¢) as in (39) with § =
026 where § is the sampling interval. The resulting mean-
square error at the nth iteration is given by R, as in (45).
Similarly, the roundoff error introduced at the kth-iteration
step causes a mean-square error in the evaluation of F,(w)
equal to R,_,.

V. COMPARISON WITH THE PROLATE SPHEROIDAL EXPANSION
METHOD

We shall discuss briefly the method of prolate expansion
for determining F(w) from g(¢) and will compare it with our
approach.

We expand the time-limited function g(z) into a series
as in (69). The coefficients a; are given by

T
%=—f oor (47)
-T

We insert the numbers so obtained in the expansion (11).
The resulting sum f(¢) equals the band-limited extrapolation

f(2) of the piece g(t). The transform F(w) of f(¢) is obtained

from (25)

fﬁ@m

Thus to evaluate F(w) with this method, we must store
the sample values of the functions ¢,(f) and use them to
evaluate the integral in (47). Our method involves only
discrete Fourier series and makes use of available algorithms
and the N log N economy of the FFT.

F(w) = i lol < . (48)
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In most applications, the product o7 is large. This
assumption does not reduce the computations in the prolate
method. In our method it leads to a rapid convergence
that can be sensed by computing E,,.

If noise or aliasing errors are present, no method permits
the precise evaluation of F(w). An approximate result is
possible with the prolate method if the series (48) is trun-
cated. In our approach, the iteration must be carried out to a
value n such that the errors E,, and R, in (37) or (45) are
sufficiently small. If » is too small, the truncation error E,
[see (28)] might be unacceptable. In a specific example, a
compromise must be sought; the bounds (30), (38), and (46)
give some guidance.

VI. RELATIONSHIP TO FREQUENCY-DEPENDENT WINDOWS
AND INTEGRAL EQUATIONS

In the proposed iteration, the function F,(w) of the nth
step is a linear functional of the segment g(z). We denote by
¥(w,7) the limit of F,(w) corresponding to g(¢) = 8(t — 1).
Since

T
o(t) = f §(0)5(t — <) de

it follows from the linearity of the iteration that -

T
F(o) = f 40) y(wy1) d. (49)
-T
With
w(w,t) = y(w,1)e’®*
(49) yields
F(w) = f ! w(w,t)g(t)e 7 dt. (50)
-7

This is of the form (3) with the difference that the window
w(w,t) is frequency dependent. Unlike the estimate F, (o)
in (3), the inverse of F(w) in (50) is not zero for |¢t| > T
but it equals the unknown segment of f(z).

We shall next show that the fanction y(w,7) in (49) is the
Fourier transform of the resolving kernel of an integral
equation. Since f(¢) = g(t) for |t| < T, the Fourier
transform F(w) of f(¢) can be written as a sum

f()e I dt. (51)

tl>T

F(w) = f g(t)e i dt +
lt]<T
But F(w) =0 for || > ¢ by assumption; hence,

T
f fe i dt = — f g(t)e I dt,
t1>T -T -

for lo| > 0. (52)

This is a linear integral equation for the unknown seg-
ment of f(¢). Denoting by k(¢,7) its resolving kernel, we
obtain

T
1) = f g(k(t,7) d. (53)
-7
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Taking Fourier transforms of both sides of (53) we obtain
(49) where

W) = f ke dt. (54)

The discrete form of (52) is a system of linear equations.

APPENDIX A

The Method of Maximum Entropy

In the numerical evaluation of F(w), the integral in (1) is
replaced by a sum ‘

F(w) = i fe " f, = af(na).

n=—aw

(55)

This is the exact if F(w) = 0 for |w] > n/a. Otherwise, it is
approximate subject to aliasing errors. Since only the
segment g(t) of f(¢) is known, the above sum must be
estimated in terms of its 2M + 1 coefficients

Jo=9n=ag(na), |n| <M =[T/a]. (56)

The method of maximum entropy is developed for the
estimation of power spectra [11], [12]. In this case, F(w)
is real and positive. The function F(w) is so selected as to
maximize the integral (entropy)

nfa
f log F(w) dw
—nja

subject to the 2M + 1 constraints (56). It is easy to show
that [13], this assumption leads to the conclusion that
F(w) must be rational with no finite zeros. Since F(w) > 0,
it follows from the Fejer—Riesz theorem [5] that

F(w) = (57)

p
M } 2
1+ Y ye e
k=1

where all the zeros z; of the polynomial

M
Y@ =1+ Y ypz*
k=1

are inside the unit circle.
Our problem is thus reduced to the determination of the

M + 1 constants p,y,," **,y,. The number of independent

equations in (56) is also M + 1 because f_, = f,*.
We maintain that

M

M
El In-1Ve = —Gns n = 1’” (58)
k=

and

M
P=go+ X g-uhe (9
Thus to find the y,’s we solve the system (58). The special
form g,_, of the coefficient matrix (Toeplitz) simplifies the
computations. Inserting the solution into (59), we obtain.
the constant p.
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Proof: With
H@) = ¥ fi™ (60)
we have [see (55)] F(w) = H(e**) and (57) yields
H(z) (1 + ﬁ ykz”"‘) =P (6

M k
+ Y w*z
k=1

The zeros 1/z;* of the denominator Y*(1/z*) of (61) are
outside the unit circle, hence, the inverse z-transform of the
right side of (61) is zero for n > 0 and it equals p forn = 0.
Equating the inverse z-transforms of both sides, we obtain

n=290
n>0"

,M [see (56)] and (59)

- P
fo + Z Ja-xVk 0’ (62)
k=1 )

The above yields (58) forn = 1,- -
forn = 0.

We note that the maximum entropy method can be
considered as a method of estimating F(w) in terms of g,

with the a priori assumption (Class 2)) that F(w) is of the
form (57).

APPENDIX B
The Prolate Spheroidal Functions
The eigenfunctions ¢,(¢) of the equation
sin o(t —
() ——————
f ot — 1)

known as prolate spheroidal wave functions [7], are
orthogonal in the intervals (— c0,0) and (—T,T)

0, dt =

Ag(t) (63)

© 1, i=k
[" eoewa- (2%
}’k’ 1 = k
[ eoswa-{ 25 e
The eigenvalues A, are such that
1>4>">2>+>0 and i — 0,
' with k > . (65)

The functions ¢,(t) equal their own Fourier transforms
properly truncated and scaled:

B
¢u(t) < N Diu(bw) po(),
= «2rTjo, b=T|o

d)pr(t) > BV ¢ (bow). (66)
Thus the solutions of (63) are band-limited hence,
f RPYO - il I MUY 67)
o n(t — 1)
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A band-limited function f(¢) can be expanded into a
series in the interval (— 00,00)

16 = 3 atu(®
o= [ s ar (68)

An arbitrary function g(z) can be expanded into a series in
the interval (— 7,7

90 = ¥ abld)
k=0

I T
a =1 f GO d. (69)
v A
From the above and (64) we conclude that
[ rwa- % o
—w k=0
T )
[ swa= 3 am (70)
-7 k=0
We, finally, note that
Y ¢.2(t) dt = o/n. (71)
k=0 .

This follows by expanding the band-limited function
sin o(t — x)/n(t — x) into a series as in (68) and using (63).
APPENDIX C

The Karhunen—Loéve Expansion
Consider a stochastic process y(¢) with autocorrelation
R(t,ty) = E{y(t,)y*(t2)}.
With
Fup) = E{Y(w)Y*@)}

the autocorrelation of the Fourier transform ¥ (w) of y(¢),
it is easy to show that [14]

T(u,p) = f N fw R(ty,t) exp (= fut, — vt3)) dt, dt,.

) (72)

With I'(u,v) as above, we form the equation
[* rwome do = (73)

and denote by (1) and 7, its eigenfunctions and eigen-
values. It can be shown that in the expansion

Y@ = ¥ whi@), lol<o (74)
the random variables g, are orthogonal [14] and
* — Yks 1= k
E{z;z,*} = {0’ i %k (75)
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Nonstationary white noise: We say that the process y(t)
is white noise if

R(t1,t) = q(t)o(t; — t,) (76)

where g(t) =0 is its “average intensity.” With Q(w) the
Fourier transform of ¢(t), it follows from (72) that

T(u0) = Q(u — v). (N

If p(z) = n(¢)p(t) and n(r) is stationary white noise with
autocorrelation S3(¢; — t,), then

R(t1,t;) = Spr(t)oty — 1)) (78)

In this case,
q(t) = Sp(t) Q(w) = 25 sin Tw/w. (79)

From the above and (77) it follows that the integral
equation (73) takes the form

(80)

25 f T osn T =9 ey do = ).
e v

As we see from (63), its eigenfunctions (1) equal the prolate
spheroidal functions ¢,(t) properly scaled.
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